We define a Connes-Takesaki type flow of weights for any inclusion of factors. It is shown that Popa's classification of strongly amenable subfactors as well as some new structural results on type III-subfactors can be stated in a unified way using this invariant. The invariant also separates certain "exotic" examples of subfactors which are not covered by that classification. §1. Introduction
§1. Introduction
The flow of weights on a factor of type III was defined by Connes and Takesaki in 1973 and has been studied ever since as a tool to classify factors of type III and their automorphisms. The purpose of this paper is to discuss how to adapt this approach to the classification and structure theory of subfactors.
Let us briefly review the single factor case [2] . Let M denote a properly infinite von Neumann algebra with separable predual. Then we can choose a dominant weight 0) on M. Further, there exists an action 9: R-> AutCM^) such that (1) (M,(T w ) = (M w xi0R,0)
where 0: R -> M^xj^R is the dual action of 0, cf. [23] ; also there exists a normal semifinite faithful trace r on M^ with (2) T°0 s =e~sT, seR.
In view of (1), the pair (M w ,0) is called a continuous decomposition of M. Connes and Takesaki next defined the (smooth) flow of weights on M. In the above setting, it is the pair (^M,^M), where
^":R + ->Aut(^"), ^M-0_ loA2M , A>0.
Note here that since CD and 9 are both essentially unique, the isomorphism class of (^M,^M) does not depend upon a choice of them. The terminology is justified
Communicated by H. Araki, July 8, 1994 . 1991 Mathematics Subject Classifications: 46L37 (Primary), 46L40 (Secondary). *Matematisk Institut, K0benhavns Universitet, 2100 K0benhavn 0, Danmark. by a theorem in [2] , which roughly speaking states that the lattice of projections in £P M can be identified with the set of equivalence classes of so-called integrable weights on Af, on which $~M then acts by simple scalar multiplication. The flow of weights turns out to be a complete invariant for hyperfinite factors of type III. In particular, the Connes invariant (where 0 runs over all faithful normal states on M) can be calculated as (5) thanks to [23,9.6] . Then the classification [1] in types III A (0<A<1) is given by which subgroup of R + this yields; and there is precisely one hyperfinite factor of each of these types except in the type III 0 -case, where all non-transitive ergodic flows are realized as the flow (^M,^M) for exactly one hyperfinite factor M.
This paper is an attempt to establish a similar unified picture of the wealth of classification results in subfactor theory which has been obtained during the last few years, and it is a natural continuation of our work in [24] , [25] . Besides deepening our understanding of existing results, such a picture is supposed to provide directions for obtaining a complete classification, cf. Conjecture 4.1. In fact, we define in Sec. 2 a Connes-Takesaki type flow of weights for subf actors which is a simultaneous generalization of the standard invariant for subfactors of type II j (cf. [17] ) and the classical flow of weights for type Ill-factors (as described above). After treating the classification issue, we demonstrate (in Sec. 3) how this new invariant contains information on the structure of subfactors even in cases where no classification has yet been found. The invariant also separates some exotic (non-classified) examples of type III-subfactors, which are due to H. Kosaki, P. Loi and T. Sano, and which will be discussed together with further applications in Sec. 4. This work was essentially conceived while the author stayed at the University of Tokyo, and the writing up was done at the University Copenhagen. We wish to thank Y. Kawahigashi for his infatigable interest and encouragement. We are also grateful to H. Kosaki for informing us of some inacuracies in a first version of the paper and of some related results of his. Finally thanks are due to H. Kosaki and P. Loi for pointing out the correction [29] to [15] . §2. The Relative Flow of Weights Let M^N be an inclusion of d-finite factors with finite index. Let £ be a faithful normal conditional expectation from M onto N chosen as follows: If M (hence N) is of type II, £ is the canonical trace-preserving expectation; otherwise it is the minimal expectation (cf. [5] , [6] for any two normal faithful semifinite weights j,, £ 2 on M.
because of equation (5) So we only have to deal with the discrete type III case of the theorem. This will be done in the next section.
We end this section with a remark on the computability of flow of weights. For the type III 0 -case, cf. also [28] .
In the single factor case, the flow of weights of crossed products by discrete amenable groups can be computed in general in terms of the invariants of the W" -dynamical system we start with (see [22, 1.5] , [21, 4.1] ). In the subfactor case, we lack the invariants for a general computation as in [22] , because we do not have a general classification for discrete amenable actions; in fact only the strongly free case is known (see [27] where M k is the crossed product of M k by a k . The proof in [21, 4.2] that the crossed products by R and G can be interchanged in the obvious sense also works for inclusions. Hence we get
for all k > 0, and the flow is as claimed.
Q.E.D. Note that [26, 5.2 ] is a special case of the above general statement. §3 0 The Discrete Type Ill-case.
As an illuminating and fairly well understood class of type III-subfactors, we study in this section the subfactors M 3 N of type III A (0 < A < 1) with the property that there exists on N a A -trace (j) satisfying where E is the minimal conditional expectation. This condition is equivalent to the requirement that if/ = (/)oE is a A -trace on M, i.e. M and N have a common discrete decomposition in the sense of [12] . Namely, if 17 e $/(N) is such that of([/) = A"£7, f eR, then also a? (U) = A"I7, reR. Hence with P = M W , Q = N (t) and 0 = Ad(U)\ P e Aut(P,Q) we have Note also that by definition we have S 0 (N) = {A" : n 6 Z} .
3 8 lo Theorem o In the above situation, there is an isomorphism (6) such that 
Proof. We construct below the isomorphism / and check that (7) is satisfied. It is left to the reader to check (8) , but the proof of [24, 4.6] This argument carries through to the whole tower (M k ) k with isomorphisms preserving the inclusions, so we can define / by the composition of J's and Takesaki duality. Then we get (7) by restriction to the relative commutants.
Q.E.D.
3o2o Corollary (Popa) . Strongly amenable subf actors of type III A (0 < A < 1) are completely classified by their flow of weights.
Proof. Popa's classification ( [19] ) says that these subfactors are classified by the standard invariant of the associated type II-inclusion together with the standard part of the automorphism from the discrete decomposition; these are contained as the first tensor component in the right hand side of (6) and (7). (In fact, the invariant is seen to contain the single factor flow and hence the "type" of M = N. cf. Eq. (5) A similar result can be obtained for type 111,-subfactors with core inclusion of finite depth, using [10, Lemma 11] . In particular defining
(which is natural in view of Eq. (5) Now let a e Aut(M,AT) and form a' as in Theorem 3.1. By (7) and (8) where it is Z 2 . Hence (ii) in the proposition is automatic.
As we move up in index, the conclusion of the corollary fails. This is illustrated by the following. ), but is not splitting like the example in 1.
Note that from the list in [14] and the proposition, if M 3 N has index 4, then ) = Im(T) unless we have trivial splitting as in 1, or the type II-graph is like in 3. §4 e A Look at the Remaining Cases
The only known type if classification result for subfactors of type III, comes from Popa's general theorem [20] stating that strong amenability, central freeness and approximate innerness for a subfactor imply that it splits into a type II,-subfactor tensor a single factor, so that classification follows from the II, -case and the classification of single hyperfinite factors, and by Proposition 2.4 the resulting classification can also be expressed using the relative flow of weights. From a type III-viewpoint, subfactors splitting in this way are of course not so interesting. In fact, by Eq. (10), the splitting corresponds to "trivial relative flow".
However, P. Loi showed in [14] , [15] (cf. [29] ) that there exists a nonsplitting inclusion of type III, with core of finite depth and that an uncountable family of type III j-subf actors with the same type II and type III standard invariants as such an inclusion can be obtained under rather weak assumptions. Namely, let M ID N be such a subfactor (cf. [14, 5.5] for examples), with continuos decomposition (M ID N) = (P ID 2)x 0 R . Then as P ID Q carry a common trace (the one satisfying Eq. (2)), it splits as (PiD Q) = (A 3 B)® R ol where A ID B is a finite depth subfactor of type ll l and J? 01 is the hyperfinite type 11^-factor. Now, assume Q splits as an E-action in the following way: After the completion of this paper, it was pointed out to us by H. Kosaki that Ker(O(0)) = 0 does occur (cf. [10] ) but that, even in this case, a finer invariant separates the inclusions M £ 3 N £ (cf. [29] ). Also a construction similar to Loi's above then works without assuming finite depth of the core (or splitting of 0). The point here is that this new invariant, which is a relative version of Connes' T-set, is also defined in terms of the relative flow of weights, so this flow also separates this larger family of examples.
Finally, the area of subf actors of type III 0 is completely different in flavor because the core inclusions are not factorial, so that ergodic theory appears in a relative form. This was used by Kosaki [9] and Kosaki-Sano [11] to construct uncountably many examples of non-splitting finite depth inclusions with the same principal graphs and (integer) index. The uncountable number of such inclusions follows from the wealth of so-called finite-to-one ergodic extensions of ergodic flows, and the resulting subfactors are shown to be non-isomorphic by proving that these extensions are isomorphic to the inclusion data (14) ( 
